Abstract: Inspired by the augmented Lorenz equations, we have designed a star network of Rössler oscillators, referred to as augmented Rössler equations, in which each Rössler oscillator is coupled with the other oscillators via a single variable y as the central node of the whole network. We investigate the dynamical nature of the augmented Rössler equations in terms of the bifurcation diagram of a single augmented Rössler oscillator and the chaotic synchronizability of coupled augmented Rössler oscillators, and show that intermittent synchronization between identical augmented Rössler oscillators as well as partial synchronization between nonidentical ones can be achieved via direct coupling of the central nodes. We also show that nonidentical augmented Rössler oscillators coupled via intermittent mutual diffusive coupling exhibit partial synchrony, despite the intermittency of the diffusive coupling. We discuss possible application of such synchronous behavior in terms of chaos-based secret key distribution.
Introduction
Recently, we have developed the augmented Lorenz (AL) equations [1] , which can be represented as a star network of many (N ) Lorenz subsystems [2] sharing the variable x as the central node. The AL equations are a system of 2N + 1 ordinary differential equations expressing nondimensionalized equations of motion of a chaotic gas turbine. Although our gas turbine was originally of no industrial use, the AL equations were shown to be applicable to a chaos-based stream cipher [3] .
In analogy to the AL equations, we have designed a star network of Rössler oscillators [4] , referred to as augmented Rössler (AR) equations, in which N Rössler subsystems are coupled by sharing the variable y as the central node. The choice of the central node is based on the previous study of Pecora and Carroll, who showed that two identical Rössler oscillators can achieve perfect synchronization by direct coupling of the variable y [5, 6] .
One of the real-world applications of chaotic synchronization is chaos-based cryptography such as the symmetric stream cipher invented by Cuomo and coworkers [7, 8] , in which the synchronizability of identical Lorenz oscillators is used to encrypt and decrypt a speech signal. Other applications of chaos to cryptography are a stream cipher proposed by Argyris et al. [9] , chaotic shift keying [10] , controlling chaos [11] [12] [13] , distributed dynamics encryption [14, 15] , and a chaotic block cipher [16] . None of the previous cryptographic methods were used in our stream cipher using the AL equations, where a secure method for exchanging the secret key was necessary and tentatively assumed to be performed using a quantum key distribution [3] . However, the chaotic synchronization of coupled star networks of nonlinear oscillators may be applicable to the construction of a method for securely exchanging the secret key of our cryptosystem. This is the motivation of this study.
In this paper, we examine the dynamical properties of AR equations in terms of chaotic synchronizability. In our previous study, the synchronizability of coupled AL oscillators with parameter mismatch was examined and the synchronization error was found to linearly increase with the difference in one of the bifurcation parameters [17] . A crucial difference between the Rössler and Lorenz models is the bifurcation scenario to chaos. The Rössler model undergoes period-doubling bifurcation to reach chaos, unlike the Lorenz model. It might be interesting to examine how the AR model inherits the bifurcation scenario of the original Rössler model. As will be shown later, it turns out that the AR model exhibits a blurred period-doubling bifurcation to chaos. We also examine the synchronizability of coupled AR oscillators and demonstrate that two identical AR oscillators sharing the central node exhibit intermittent synchronization before attaining perfect synchronization as one of the bifurcation parameters increases. Furthermore, two nonidentical AR oscillators sharing the central node exhibit partial synchronization, in which only identical subsystems in the whole network achieve perfect synchronization, while others do not. In the literature [18, 19] intermittent synchronization was found to occur in weakly coupled nonlinear oscillators but to vanish in the case of strong coupling such as direct coupling sharing a variable between the oscillators.
Recently, Schröder et al. reported that transient uncoupling of nonlinear oscillators does not interrupt chaotic synchronization [20] . They observed the dynamical stability of the synchronization manifold for unidirectionally diffusively coupled Rössler oscillators. They introduced transient decoupling of the oscillators when the trajectory of the response oscillator entered a particular clipping region of the state-space, showing that chaotic synchronization was sustained despite such intermittent decoupling. In this paper, we examine the effect of intermittent coupling between nonidentical AR oscillators, envisaging a possible application to chaotic cryptography, in particular, to secret-key distribution for a recently proposed chaotic cipher [3] . For this purpose, we introduce intermittent periodic mutual diffusive coupling to the AR oscillators. Such a coupling scheme should be effective in reducing the communication traffic density between a sender and receiver conducting secure communications.
This paper is organized as follows. In section 2, we present the mathematics of the AR equations and mathematical analysis for the synchronizability of directly coupled AR oscillators. In section 3, we conduct numerical simulations to examine the dynamical properties of the AR equations in comparison with those of the AL equations and observe the bifurcation process to chaos. The chaotic synchronizability of AR oscillators coupled via two forms of couplings, i.e., AR oscillators sharing y and those coupled via intermittent mutual diffusive couplings of y and x n , is also examined. In section 4, we discuss the observed dynamical properties and suggest a possible application of the AR equations to chaotic cryptography, particularly secret-key distribution for a chaotic cipher based on the AL equations over a classical communication network. Section 5 summarizes our findings.
Augmented Rössler equations and their synchronizability
On the basis of the fact that the AL model is a star network of Lorenz subsystems sharing a single variable x as the central node and inherits the dynamical nature of the original Lorenz model in that two identical oscillators sharing the variable x achieve perfect synchronization, we may construct a star network of N Rössler subsystems sharing the variable y as the central node, as a nondimensionalized dynamical model, so as to inherit the dynamical nature of the original Rössler model. Thus, the AR equations are defined asẋ
with n = 1, . . . , N, where a, b, and c are dimensionless scalar parameters that determine the bifurcation diagram of the AR equations, and m n > 0 denotes real coefficients except for m 1 = 1, which enabled us to construct a secret key M = (m 1 , m 2 , . . . , m N ) with an exponentially large size of the key space [3] . Simple settings of m n are m 1 = 1 and m n for n ≥ 2 randomly taking values of n and n + 1/2. Then, M can be said to have a binary expression. These settings of m n were actually used in our chaotic cipher based on the AL equations. It will be shown later that random (binary) settings of m n cause partial synchrony between coupled nonidentical AR oscillators. The right-hand side of Eq. (2) includes the sum of x n /m 2 n , not x n /m n , over n for the following reason. Let us denote the maximum over x n as X max and consider the simplest settings of m n = n. When Eq. (2) includes the sum of x n /n, the following inequality holds:
As N → ∞,
. Note that the nonlinear term x n z n is amplified by a factor of √ m n . The nonlinearity is more enhanced in subsystems with a higher subsystem index n.
Equation (2) indicates that the time evolution of the variable y as the single global variable shared by all subsystems is subject to the linear ordinary differential equation forced by the sum of the local variables x n weighted by m Let us consider a drive-response system of directly coupled AR oscillators sharing the variable y, where the drive oscillator is subject to Eqs. (1)- (3) and the response oscillator is subject tȯ
The simplest case of coupled AR oscillators is identical AR oscillators with m n = m n for all n, i.e., M = M . For identical Rössler subsystems with m n = m n , let us denote the synchronization errors between the drive and response subsystems as
For identical Rössler subsystems, using Eqs. (1)- (3) and Eqs. (5)- (7), we obtaiṅ
From Eqs. (8), (10), and (13), we rewrite Eq. (13) aṡ
The dynamical system of Eqs. (11) and (13) has a fixed point at (e xn , e zn ) = (0, 0) regardless of the subsystem index n. The linear stability of the fixed point at (0, 0) can be analyzed on the basis of
where J n is the Jacobian matrix of the nth subsystem. Let us denote the diagonal sum and the determinant of J n as τ and Δ, respectively, defined as
where λ 1 and λ 2 are the eigenvalues of J n and expressed using τ and Δ as
It is convenient to introduce the real coefficient
Thus, the local stability of the fixed point is determined by x n and z n for the drive oscillator. In other words, the synchronization errors are dependent on x n and z n for the drive oscillator. We next consider nonidentical AR oscillators intermittently coupled using the mutual diffusive couplings between x n and x n and between y and y . The two oscillators are nonidentical in that M = M and are subject toẋ
where K x denotes the coupling strength between x n and x n , K y denotes the coupling strength between y and y , and χ(t) controls the timing of the couplings, defined as
Here i is a nonnegative integer, Δt > 0 is a real constant, and t min denotes the initial time of the coupling. With χ(t), the two AR oscillators are intermittently and periodically coupled unlike the coupling scheme of Schröder et al. Nevertheless, as will be shown in the next section, the intermittently coupled nonidentical AR oscillators exhibit partial synchronization via the mechanism underlying the coupled identical Rössler oscillators studied in [20] .
Numerical experiments 3.1 Bifurcation diagram
The dynamical properties of a single AR oscillator are examined as functions of the parameter a by performing numerical simulations. In this study, the parameters b and c are fixed at b = 0.2 and c = 5.7, respectively. Equations (1)- (3) were numerically integrated using the fourth-order RungeKutta method with a dimensionless time width of 1.0 × 10 −3 and N = 100 for various values of a.
The initial values of x n , y, and z n (n = 1, . . . , N) were given as Gaussian pseudorandom numbers subject to the standard normal distribution. The first 800,000 numerical solutions were discarded to eliminate the initial transient part.
show three-dimensional plots of x n − y − z n as functions of the subsystem index n at a = 0.3 for (a) n = 1, (b) n = 10, (c) n = 50, and (d) n = 100. For simplicity, m n was set to n. Regardless of the subsystem index n, a substantially similar geometrical object, which also resembles that of the original Rössler attractor, can be seen in each plot. The subsystems with higher subsystem indices do not exhibit the intermittent bursting behavior observed for the AL equations [1] . The absence of intermittent bursting is expected to facilitate the synchronization of coupled AR oscillators.
We next present the bifurcation diagram of a single AR oscillator with m n = n. The bifurcation diagram of y as a function of the parameter a is shown in Fig. 3 , where the upper and lower traces indicate plots of local maxima and minima in y, respectively. The corresponding diagrams of x 1 , x 10 , x 50 , and x 100 are shown in Figs. 4(a)-(d) , respectively. When N = 1, the AR equations are equivalent to the original Rössler equations and undergo period-doubling bifurcation to chaos. This bifurcation scenario is violated when multiple Rössler subsystems participate in the network system. In such a case, as shown in Figs. 3 and 4(a)-(d) , the period-doubling bifurcation diagram appears to be blurred. We conjecture that these observations may reflect bifurcations of x n and z n into their local dynamical states in the subsystems as the nonlinear terms x n z n in the right-hand side of Eq. (3) are amplified by √ m n . Thus, the dynamical behavior of the AR equations appears to represent a mixture of dynamical states of the subsystems, and the chaotic behavior is fully developed when a takes sufficiently large values exceeding 2.
For comparison, the AL equations are given aṡ
R n = R 0 m 2 n Φ n W n , with n = 1, . . . , N, where σ and R 0 are bifurcation parameters corresponding to the Prandtl number and the reduced Rayleigh number, respectively. The coefficient R n is defined using W n = sinm n φ , where φ is an appropriate scalar (angle) measured in radians. Similarly to the AR equations, the nonlinear terms xy n and xz n are multiplied by a factor of m n . The nonlinearity is more enhanced in a Lorenz subsystem with a higher subsystem index, although the coefficient R n includes sinusoidal terms unlike the AR equations. numerical solutions were discarded to eliminate the initial transient part. The initial conditions of x, y n , and z n were given as pseudorandom numbers subject to the standard normal distribution. In contrast to the bifurcation diagram of the Lorenz model, that of the AL equations is blurred, as can be seen in Fig. 5(b) , although it appears to be less blurred than in the case of the AR equations. In the following numerical experiments on chaotic synchronization, the network size of an AR oscillator is set to N = 100.
Synchronization of identical AR oscillators
We examined the synchronous behavior of coupled identical AR oscillators sharing the variable y. To estimate the synchronization errors, we numerically integrated Eqs. 
Synchronization of nonidentical AR oscillators
We next conducted a numerical experiment to examine chaotic synchronization between nonidentical AR oscillators with a = 0.33 that are unidirectionally coupled via y, where the drive and response oscillators are subject to Eqs. (1)- (3) with M and to Eqs. (5)- (7) with M , respectively. The two AR oscillators share the bifurcation parameters a, b, and c but are nonidentical in that M = M .
The numerical integration was performed under the same conditions as those for the coupled identical AR oscillators. Figures 8(a) and (b) show the time series of x 1 and x 100 , respectively, of the drive and response oscillators. The estimated synchronization errors are summarized in Table I . Note that the synchronization error of x 100 , for which m 100 = m 100 , is large. In contrast, that of x 1 , for which m 1 = m 1 , is sufficiently small to conclude that the Rössler subsystems with the index n = 1 synchronize with each other. Hence, the nonidentical AR oscillators achieve partial synchronization.
We finally conducted numerical experiments on chaotic synchronization between nonidentical AR oscillators with a = 0.33 intermittently coupled using the mutual diffusive couplings between x n and x n and between y and y . The two oscillators are nonidentical in the sense of M = M .
We numerically integrated Eqs. (22)-(27) using the fourth-order Runge-Kutta method under a time width of 1.0 × 10 −3 . The initial conditions of x n , y, z n , x n , y , and z n were given as pseudorandom numbers subject to the standard normal distribution. The bifurcation parameter a was set to 0.33. The key matrices m n and m n were randomly set to n or n+0.5 except for m 1 = m 1 = 1. The coupling strengths were set to K x = 100 and K y = 500, which were determined by a trial and error method. The intermittent coupling started at t min = 50 with Δt = 0.1 (i.e., 10 2 time steps) and 5 (i.e., 5 × 10 3 time steps). The initial 50,000 numerical solutions were discarded to eliminate the initial transient parts. The synchronization error E n between x n and x n as a function of the subsystem index n was estimated using
Figures 9 and 10 show the estimates of E n as a function of the subsystem index n for the last 100 coupling events (T = 100) of a total of 250 coupling events for Δt = 0.1 and Δt = 5, respectively. The numerical solutions corresponding to the initial 150 coupling events were discarded to eliminate the initial transient part of the synchronization process. For Δt = 0.1, E n < 0.02 when m n = m n , whereas E n 0.02 when m n = m n . This indicates that the subsystems of the coupled oscillators are in synchrony if and only if m n = m n . The critical synchronization error to discriminate partial synchrony from asynchrony can be tentatively set to E th = 0.02. When Δt = 5, however, E n takes large values exceeding 0.02 regardless of the coincidence between m n and m n . These observations indicate that partial synchronization can be achieved between nonidentical AR oscillators under a moderate coupling time interval, despite the intermittent coupling.
Discussion
The present numerical analysis has shown that the AR equations basically inherit the dynamical properties of the original Rössler equations. However, the bifurcation scenario is altered from that of the Rössler model. In the AR model, owing to the amplification of the nonlinear terms x n z n by √ m n , period-doubling bifurcations occur in each Rössler subsystem as the parameter a increases. The fully developed chaotic state of the whole system is established beyond a certain critical value of a. In the case of the coupled identical AR oscillators, as the bifurcation parameter a increases, the coupled oscillators undergo intermittent synchronization and subsequently achieve perfect synchronization when a takes sufficiently large values beyond a certain critical value exceeding 0.3, as shown in Figs. 6 and 7. These observations can be explained as follows.
In section 2, we analyzed the dynamics of the synchronization errors e xn and e zn in terms of Eq. (15) and showed that Eq. (15) has a fixed point at (e xn , e zn ) = (0, 0), the local stability of which depends Consequently, the fixed point erratically switches its local stability between a stable node and an unstable node. When the fixed point is a stable node, e xn and e zn asymptotically converge to zero and the synchronization of the coupled oscillators is achieved. On the other hand, when the fixed point is an unstable node, e xn and e zn diverge from zero and the coupled oscillators desynchronize. In this way, the observed intermittent synchronization is due to the irregular switching of the local stability of the fixed point. Thus, the perfect synchronization of the coupled identical AR oscillators with a = 0.33 should be explained in terms of the fixed point remaining at the stable node. In fact, we estimated the duration for which the fixed point remains at the stable node, that is, the duration for which τ takes negative values, relative to a full time span of 1000 (for the numerical integration 200 ≤ t ≤ 1200). Table II summarizes the estimated duration as a function of the bifurcation parameter a. The duration increases as a and n increase, which is considered to induce the perfect synchronization at a = 0.33.
On the basis of the above discussion, we can explain how the directly coupled nonidentical AR oscillators exhibit partial synchrony at a = 0.33. The dynamics of the synchronization errors defined by Eq. (15) are valid only if m n = m n , that is, only for identical Rössler subsystems for the drive and response oscillators. When m n = m n , Eq. (15) does not hold and neither e xn nor e zn converges to zero. Consequently, only identical subsystems can be synchronous, while nonidentical ones are not synchronous.
We have shown that two AR oscillators can partially synchronize with each other despite intermittent (periodic) mutual diffusive coupling, which is consistent with the previous findings of Schröder et al. In our coupled system, however, the AR oscillators are periodically coupled with a moderate value chosen for the coupling time interval without observing the current state of the systems in the entire state space, unlike the coupling scheme of Schröder et al. This should be effective when applying the coupled AR oscillators to secure communications since our coupling scheme is easily implemented in an actual communication system. Partial synchrony is considered to be a universal dynamical nature of a star network of nonlinear oscillators sharing a global variable subject to a linear ordinary differential equation forced by the weighted sum of the chaotic fluctuations in the local variables representing each subsystem of the network.
A common critical bottleneck of many chaos-based cryptosystems with secret (symmetric) keys is how to securely deliver a secret key from Alice to Bob. In Ref. [3] , we assumed the use of a QKD to exchange a secret key M. Interestingly, the partial synchrony between coupled nonidentical AR oscillators, shown in Fig. 9 , suggests a possible alternative method for securely exchanging M, although M is used as a secret key to specify AL oscillators. For instance, suppose that Alice and Bob have AR oscillators, each specified by M and M (M = M ), respectively, and they try to conduct a chaotic synchronization of their AR oscillators via mutual diffusive coupling by simultaneously exchanging x n , x n (n = 1, . . . , N), y, and y on a classical communication network. The intermittent coupling between the AR oscillators should be effective in reducing the density of traffic for communications.
By measuring the synchronization errors, Bob detects which Rössler subsystems of his AR oscillator are out of synchrony. If the synchronization error of the subsystem index n is significantly large, he switches m n = n to m n = n+1/2 or vice versa. Thus, only Bob can identify Alice's M since Eve knows neither M nor M and cannot reproduce the values of x n , x n , y, and y that have been exchanged between Alice and Bob. Consequently, Alice and Bob share Alice's M, which will be used as the secret key specifying their AL oscillators. Such a method based on the use of nonidentical AR oscillators to exchange M is more feasible than a similar method based on AL oscillators since the partial synchrony between nonidentical AL oscillators tends to be hindered by the bursting behavior in the local chaotic states of Lorenz subsystems with higher subsystem indices. Such bursting behavior is absent in the dynamical behavior of AR oscillators, as has been shown in Fig. 2 . However, cryptanalysis has to be carried out to assess the security of the proposed method against Eve's eavesdropping and breaking the secret key.
Conclusion
We have proposed a star network of N Rössler subsystems sharing the global variable y as the central node, referring to the network system as augmented Rössler equations. Our method for constructing a star network of nonlinear oscillators sharing a global variable subject to a linear ordinary differential equation forced by the weighted sum of the chaotic fluctuations generated by the variables representing each local subsystem of the network appears to be applicable to other systems of nonlinear ordinary differential equations.
The AR equations are shown to basically inherit the dynamical properties of the original Rössler equations except for the bifurcation scenario to chaos. In the AR equations, the subsystems bifurcate into their local dynamical states as the parameter a increases, and the whole system reaches its fully developed chaotic state beyond a certain critical value of a > 0.2. This bifurcation scenario is verified by estimating the bifurcation diagrams and by observing the synchronous behavior of coupled AR oscillators.
To examine the synchronizability of the augmented AR model, we conducted numerical experiments on directly coupled identical AR oscillators, directly coupled nonidentical AR oscillators, and coupled nonidentical AR oscillators via intermittent mutual diffusive coupling. The directly coupled identical oscillators were found to undergo intermittent synchronization below a critical value of a, above which the oscillators exhibit perfect synchronization. We also showed that directly coupled nonidentical AR oscillators exhibit partial synchrony. These observations were explained in terms of the dynamics of the synchronization errors and their local stability at the fixed point. Two nonidentical AR oscillators coupled via intermittent mutual diffusive coupling were found to achieve partial synchronization between the subsystems with m n = m n . We have discussed the applicability of the AR equations to chaotic cryptography in terms of securely exchanging a secret key M = (m 1 , . . . , m N ) on the basis of the partial synchrony between two nonidentical AR oscillators.
In future papers, we will report our results on chaotic key exchange using coupled nonidentical AR oscillators.
